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Van d& chuyén pha va pha tai nhiét 6 thap cua siéu long He’, mang tinh thé 1ong, mang mong tir thudng duoc
mo ta béi mo hinh hai chidu XY (2D XY). M6 hinh 2D XY xuét hién chuyén pha dic biét goi la chuyén pha
Kosterlitz-Thouless (KT) giita pha gié trat tg va pha mét trat tu. Trong pha gia trat tu co Xuét hién cac xoay
spin nguyén duong va xody spin nguyén 4m vé6i chu ky 2z lién két voi nhau tao thanh cac cip xoay khac véi
pha mat trat tu va pha trat tu. Nghién ctru cac tham $6 trat tu va cach xac dinh nhiét do chuyén pha KT da va
dang duoc quan tim nghién ctru. Trong nghién ctru nay, chiing toi khao sat pha va sy chuyén pha cia mé hinh
2D XY bang phuong phap md phong Monte Carlo. Cac dai lugng vét 1y thong ké co ban nhur 1a d9 tir hoa, nhiét
dung riéng, modul Helicity, tham s Binder, dic biét 1a dai lugng chiéu dai twong quan ty d6i duoc tinh toan. Két
qua md phong chi ra ¢6 thé xac dinh nhiét d6 chuyén pha KT tir dai luong vat 1y chiéu dai twong quan ty ddi.

Tir khéa: Chuyén pha, md phéng Monte Carlo, vét liéu tir.

I. DAT VAN PE

Hién tuong chuyén pha 1a mot trong nhiing
hudng nghién ctru thi vi va hap din trong vét
ly chat rin. Van dé chuyén pha va pha tai nhiét
d6 thap cua siéu 1ong He’, mang tinh thé l6ng,
mang mong tur thuong dugc mo ta bdi mo hinh
hai chiéu XY (2D XY). Nhu chung ta biét,
theo 1y thuyét Mermin-Wagner su thing gidng
clia spin trong mang hai chiéu phd v& moi trat
tu tai nhi¢t d0 7 > 0. Tuy nhién, con tdn tal
mot gid trat tu tai mot nhiét d§ hiru han Tkr.
Ban chat ciia hién tuong nay da dugc tiép can
boi Berezinskii (V. L. Berezinki, 1971), sau d6
dugc tong quat hoa cho mé hinh 2D XY bai

Kosterlitz and Thouless (J. M. Kosterlitz and
D. J. Thouless, 1973) va dugc ghi danh bﬁng
giai Nobel vat Iy nam 2016. Tai nhiét do 7 >
Tkr, cac xo0dy spin duong va xody spin am (i.e.,
x04ay thuan va xody nguoc, nhu trong hinh 1)
khong tao cip (khong lién két v6i nhau), khi
d6 hé 1a mat trat tw va vat chat c6 tinh thuan tir.
Tai nhiét 36 7 < Tkr, cac xo04y spin két cap voi
nhau vé bac tu do dong hoc. Vi vay, tuong
quan xa giita cac spin giam dan theo quy luat
ham Iy thtra, khac véi tuong quan xa gidm
dan theo ham sé mii & 7> Txr (J. M. Kosterlitz
and D. J. Thouless, 1973) (hinh 1).
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Hinh 1. Cip xoay spin lién két véi nhau vé bac t do dong hoc
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Pau tién, cic tac gia phat hién va chimg
minh chuyén pha KT bang ly thuyét (J. M.
Kosterlitz and D. J. Thouless, 1973). Tiép theo,
nhém Petter Minnhagen va cong sy da chung
minh pha va gia pha c6 thé mé ta thong qua dai
luong vat ly Helicity modulus va tinh toan
nhiét d6 chuyén pha Tyt théng qua dai luong
vat ly nay (Petter Minnhagen and Beom Jun
Kim, 2003). Mot sb tac gia khac chi ra c6 thé
md ta chuyén pha nay thong qua tham s6
Binder parameter (D. Loison, 1999;
Hasenbusch, 2005). Gan day, chuyén pha KT
tiép tuc dwoc quan tdm nghién ctru (Urs
Gerber, Wolfgang Bietenholz and Fernando G
Rejon-Barrera, 2015) va mot sb tac gia chi ra
c6 thé quan sat thiy dau hiéu chuyén pha KT
thong qua dai luong chiéu dai tuong quan ty
dbi (M. Hasenbusch, 2009; D. X. Viet and H.
Kawamura, 2009). Tuy nhién, tac gia bai bao
va cac tac gia khac da khong tinh nhiét do
chuyén pha Tir. Trong nghién ciru nay, ching
t6i khao sat lai mo hinh 2D XY bang phuong
phap moé phong Monte Carlo. Ching t6i st
dung thuat toan moi 1a to hop giita ba thuat
toan Metropolis, thuat toan Wolff va thuat toan
Over-relaxation. Két qua tinh toan cho mé hinh
la cac dai luogng vat ly théng ké nhu: nhiét
dung riéng, do tu cam, Modul Helicity. Tuy
nhién, trong nghién ctu nay ching toi tép
trung tinh toan cho dai lwong ty sé chiéu dai

twong quan dé mo ta pha va tinh nhiét do

chuyén pha Txr.
II. PHUONG PHAP NGHIEN CUU
2.1. M6 hinh

Mo hinh 2D XY trong mang hai chiéu hinh
vuong (hinh 2), twong tic gan giita cic spin
1an can (1 spin chi trong tac voi bén spin xung
quanh) dugc mo td boi ham Hamilton sau (J.
M. Kosterlitz and D. J. Thouless, 1973).

H=JZCOS(@—Hj) (1)

<>

Trong do: 6 1a goc spin thir i v6i tryc x va
c6 gia tri ngau nhién trong khoang tir 0
dén27, J =1 1a hiang s6 tuong tac trao doi.
Cap spin lan can, i va j chay qua moi vi tri
trong toan b mang hinh vuong.
2.2. Phuwong phap

Dé nghién ctru hién twong chuyén pha trong
mo hinh nay, ching t6i sit dung phuong phap
mé phong Monte Carlo. Pé tién hanh mo
phong Monte Carlo cho hé mang hai chiéu
hinh vudéng véi kich thuoe N = L x L, chung t6i
ap dung diéu kién bién tudn hoan va sir dung
ba thuét toan két hop: thuat toan Metropolis,
thuat toan Wolff va thuat toan Over-relaxation
dé dua hé vé trang thai can biang (Jakub
Imriska, 2009). Piéu kién cén bing cua hé
duoc kiém tra thong qua tinh toan va so sanh
ctia dai lwong nhiét dung riéng bang hai cach
trye tiép va gian tiép. Cac tham sé mé phong

cua h¢ dugc trinh bay trong bang 01.

Bang 01. Cac tham s6 mé phong MC

L NT NMC Tmin Tmax
16 63 2x10° 0,84 1,20
32 63 2x10° 0,84 1,20
64 63 2x10° 0,84 1,20
128 63 2x10° 0,84 1,20

L la kich thuéc hé; Ny la tong sé diém nhiét dd; T la nhiét d¢ cao nhdt cia hé; Nyc la tong sé bude

Monte Carlo (nita s6 budc dau dé dwa hé vé trang thdi can bang, nira so budc sau dung dé tinh cac dai

liong vt Iy thong ké ciia hé).
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2.3. Céc dai lwgng vat ly
Mot s6 dai luong vat ly théng ké duoc tinh
trong két qua md phong cua chung toi.

c 1

Do tu cam tir (Jakub Imriska, 2009):

TN, ((£7)-(E))

Nhiét dung riéng dugc dinh nghia (Jakub
Imriska, 2009):

(véi E=(H)) )

Y=N

B

v6i m = %HZ cos0 jz +(Zsm0,, ﬂ

[(m*)]-[(m)]

3)

172

Tham sb Binder (Binder parameter) (D. Loison, 1999):

Modul Helicity (Helicity modulus) (Yun-Da

Yz%Z[cos(ﬁi —Qj)]—ﬁ

(@)
Chiéu dai tuong quan ty dbi &L (D. X. Viet and

S1

(4)

Hsieh, Ying-Jer Kao and A. W. Sandvik, 2013):

shu-o)]] o

i)

H. Kawamura, 2009) (correlation length ratio):

~2sin(k, /2

m

mk) =

u=x,y

1 N N —-—
ﬁ(z COSQ,Zsin@j.exp(ikr)

) )
gian vécto k.
III. KET QUA VA THAO LUAN
3.1. Nhiét dung riéng (Specific heat)

Tinh toén sy phu thudc ctia nhiét dung riéng
vao nhiét d vai cac kich thudc mang L = 16,
32, 64, 128 (hinh 2). Do hiéu tng kich thudc,

dinh cua nhi¢t dung riéng dich vé phia nhi¢t do
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(6)

1a khai trién Fourier ctia d6 tir hoa trong khong

thip khi kich thudc ting. T gia tri cua céc
dinh nay ta tinh dwoc nhiét 46 chuyén pha T
trong mo hinh, tuy nhién dai luong nay khong
cho ta biét dugc ban chét cua chuyén pha tai T

(chuyén pha KT hay bic 2).
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1=16 +—+—
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T

Hinh 2. Nhiét dung riéng ciia mgt spin phu thudc vao nhiét do véi cac
kich thwéc mang L. = 16, 32, 64, 128

3.2. Do tu cam tir (Magnetic susceptibility)
Tuong ty dai lugng nhiét dung riéng, do tu
cam tu phu thudc vao nhi¢t do véi cac kich
thuéc mang L = 16, 32, 64, 128 xuit hién cac
dinh, day 1a d4u hiéu cta sy chuyén pha trong
mo hinh nay (hinh 3). Do hi¢u ung kich thudc,

dinh cua do tu cam tir dich vé& phia nhiét d6
thap khi kich thudc ting. Tur gia tri cta céac
dinh nay ta tinh duoc nhiét d6 chuyén pha.
Tuong tu nhiét dung riéng, dai lugng nay
khong cho ta biét duoc day la chuyén pha
loai nao.
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Hinh 3. P§ tu cam tir cho m§t spin vao nhiét do voi
cac kich thuéc mang L = 16, 32, 64, 128

3.3. Binder parameter

Trong hinh 4, dd thi sy phu thudc vao nhié¢t
dd cua dai lugng Binder (g) véi cac kich thude
L =16, 32, 64, 128. Pai luong Binder giam vé
khong khi kich thudc taing & vung nhiét do cao,

day 1a ddu hiéu cho thay sy ton tai ciia pha mat

trat tw & nhiét do cao. O vung nhiét do thép,
cac duong g voi cac kich thudc khac nhau
chdp vao nhau (g khong phu thudc vao kich
thudc), day chinh 1a biéu hién cia pha gia trat
ty va chuyén pha trong trudng hop nay la
chuyén pha KT.
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Hinh 4. Tham s6 binder phu thudc vao nhiét dj voi
cac kich thuwéc mang L. =16, 32, 64, 128

3.4. Modul Helicity (Helicity modulus)

O vung nhiét d§ cao, tham sb trat tu helicity
modulus Y giam vé khong khi kich thudc ting,
day 1a d4u hiéu ctia pha mat trat ty (hinh 5). O

ving nhiét do thip, cac duong Y chap vao

nhau (Y khong phu thudce vao kich thuoc) tai
T, day chinh 13 biéu hién cua pha gia trat ty
va chuyén pha trong truong hop nay 1 chuyén
pha KT.
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Hinh 5. Tham s trat ty helicity phu thudc vao nhiét df véi
cac kich thuwéc mang L. =16, 32, 64, 128
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3.5. Chiéu dai twong quan ty d6i &L
(correlation length ratio)

Hai dai lugng nhi¢t dung riéng, va do tu
tham tir, khong thé xac dinh chinh xac nhiét do
chuyén pha ciing nhu chi ra cac pha trong mo
hinh. Pai lugng Binder chi ra sy ton tai cua hai
pha, dai luong Helicity modulus da chi ra duoc
nhiét d6 chuyén pha ciing nhu céc pha trong
md hinh hinh XY chuan hai chiéu cho mang
hinh vudéng bdi cac nhom trude (D. Loison,
1999). O vung nhiét d§ cao, dai lugng chiéu
dai twong quan ty doi &L giam vé khong khi
kich thuéc ting, day 14 ddu hiéu cta pha mét
trat ty. O vung nhiét do thip, cac duong &/L
chap vao nhau (&/L khong phu thude vao kich

Ty (L) =Ty, (OO)|:1 +

0.9

thudc), day 1a dau hiéu cua chuyén pha KT va
dudi nhiét do chuyén pha 1a pha gia trat tu
(hinh 6).

Pé x4ac dinh chinh x4c nhiét do chuyén pha
va ban chat cua cic pha nay, ching t6i 1an dau
tién tién hanh tinh dai luong chiéu dai tuwong
quan ti d6i &/L. Theo 1y thuyét ti 1& kich thudc
hiru han (Finite Size Scalling - FSS), nhiét do
chuyén pha Tir(e0) dugc xac dinh thong qua sy
phu thudc kich thuéc L cua Tkr(L) dua theo
cong thuc 7. Cong thirc nay da thanh cong
trong viéc tinh toan nhiét d6 chuyén pha KT
thong qua dai luong chiéu dai tuong quan ty
dbi voi cac kich thude khac nhau (D. X. Viet
and H. Kawamura, 2009).
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Hinh 6. Chiéu dai twong quan ty ddi &L phu thudc vio nhiét dd véi cac
kich thwéc mang L = 16, 32, 64, 128

Tir phuong trinh (7) dé xac dinh duogc cac
nhiét dé chuyén pha thong qua sy phu thudc
kich thudc cua nhiét do Tir (L) thi hang s R
da dugc st dung. Trong hinh 7, ching t6i v€ ra
Txr (L) nhu mot ham coa 1/, véi I = In(bL)
1am cho phu hop v6i tham sb b va ¢ trong mod

hinh XY chudn trong mang hai chiéu hinh

114

vuong. Sur dung céac gia tri R 1a 0,41, 0,40 va
0,39 dé xac dinh nhiét d6 7. Dit liéu cac dudng
R phai chong chit trén mot dudng thang, diéu
nay c6 nghia tham sé b phu thuéc R. Piém
giao cit cua duong dir li€u véi truc nhi¢t do
trong hinh cho ta xac dinh dugc nhi¢t do
chuyén pha T, =0,8927+0,0001. Két qua
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tinh toan v&i dai luong nay phu hop véi két

nhém trudce da tinh toan (D. X. Viet and H.

0.09

qua tinh toan voi cac dai luong khac do cic  Kawamura, 2009).
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Hinh 7. Tkr (L) cho cac gia tri R khac nhau, phy thudc 1/I%, v6i 1 = In(bL) cho cac kich thwéc
L =16, 32, 64, 128. Nhiét dd chuyén pha Tk dwgc xac dinh bing cong thirc 7

IV. KET LUAN

Trong nghién ctru nay ching t61 da khao sat
lai mé hinh 2D XY bang phuong phap mod
phong Monte Carlo. Hon nira, ching toi lan
déu tién xac dinh duogc nhiét do chuyén pha tur
dai lwong vat 1y chiéu dai twong quan ty d6i
&L. Két qua tinh nhiét ¢ chuyén pha KT tir
chidu dai twong quan ty ddi phu hop voi két
qua tinh toan tur cac dai lugng vat Iy khac nhu
la nhiét dung riéng, modul Helicity trong céc

cong bo trudc.
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SUMMARY
Two-dimension square lattice standard XY model of magnetic materials, where it shows a peculiar phase
transition, the so called Kosterlitz Thouless (KT) transition, which is observed experimentally also in liquid
crystals (LCD displays), thin films of liquid helium, films of superconducters, probably including the layered
high temperature superconductors. The reason of Kosterlitz-Thouless transition in this model is due to the
presence of positive spin vortices, spin anti-vortices with a 2w period and the formation of vortex pairs. In this
model, we investigated the phase and phase transition by Monte Carlo simulations using a combination
algorithm. Physical quantities such as magnetization, specific heat, Helicity modulus, Binder parameter,
especially the correlation length ratio are calculated. The simulation results indicated that the phase transition
temperature KT can be determined from correlation length ratio.

Keywords: Magnetic materials, Monte Carlo simulation, phase transition.
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